We discuss a supersymmetric generalization of the Sachdev-Ye-Kitaev (SYK) model. These are quantum mechanical models involving N Majorana fermions. The supercharge is given by a polynomial expression in terms of the Majorana fermions with random coefficients. The Hamiltonian is the square of the supercharge. The N ¼ 1 model with a single supercharge has unbroken supersymmetry at large N, but nonperturbatively spontaneously broken supersymmetry in the exact theory. We analyze the model by looking at the large N equation, and also by performing numerical computations for small values of N. We also compute the large N spectrum of "singlet" operators, where we find a structure qualitatively similar to the ordinary SYK model. We also discuss an N ¼ 2 version. In this case, the model preserves supersymmetry in the exact theory and we can compute a suitably weighted Witten index to count the number of ground states, which agrees with the large N computation of the entropy. In both cases, we discuss the supersymmetric generalizations of the Schwarzian action which give the dominant effects at low energies.
I. INTRODUCTION
The Sachdev-Ye-Kitaev (SYK) models (or their variants) realize non-Fermi liquid states of matter without quasiparticle excitations [1] [2] [3] [4] . They also have features in common with black holes with AdS 2 horizons [5, 6] , and this connection has been significantly sharpened in recent work [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
In this paper, we introduce supersymmetric generalizations of the SYK models. Like previous models, the supersymmetric models have random all-to-all interactions between fermions on N sites. There are no canonical bosons in the underlying Hamiltonian, and in this respect, our models are similar to the supersymmetric lattice models in Refs. [26] [27] [28] [29] [30] [31] [32] . As we describe below, certain structures in the correlations of the random couplings of our models lead to N ¼ 1 and N ¼ 2 supersymmetry. Supersymmetric models with random couplings that include both bosons and fermions were considered in [33] .
Let us discuss now the model with N ¼ 1 supersymmetry, and defer presentation of the N ¼ 2 case to Sec. V. For the N ¼ 1 case, we introduce the supercharge
where ψ i are Majorana fermions on sites i ¼ 1…N,
and C ijk is a fixed real N × N × N antisymmetric tensor so that Q is Hermitian. We will take the C ijk to be independent Gaussian random variables, with zero mean and variance specified by the constant J:
where J is positive and has units of energy. As is the case in supersymmetric theories, the Hamiltonian is the square of the supercharge with ½ representing all possible antisymmetric permutations. Note that the J ijkl are not independent Gaussian random variables, and this is formally the only difference from the Hamiltonian of the nonsupersymmetric SYK models [7, [10] [11] [12] [13] [14] [15] [16] [17] 19, 23] . These particular correlations change the structure of the large N equations and lead to a solution where the fermion has dimension Δ f ¼ 1=6. In addition, there is a supersymmetric partner of this operator which is bosonic and has dimension Δ b ¼ 2=3 ¼ 1=2 þ Δ f . This large N solution has unbroken supersymmetry, and we have checked this numerically by comparing with exact diagonalization of the Hamiltonain. We have also computed the large N ground state entropy from a complete numerical solution of the saddle-point equations. In the exact diagonalization we find that the lowest energy state has nonzero energy, and therefore, broken supersymmetry. However, this energy is estimated to be of order e −αN where α is a numerical constant. We have also generalized the model to include a supercharge of the schematic form Q ∼ ψq, and we also solved this model in the largeq limit. We also formulated the model in superspace, and show that the large N equations have a superreparametrization invariance, which is both spontaneously as well as explicitly broken by the appearance of a super-Schwarzian action, which we describe in detail.
We have also analyzed the eigenvalues of the ladder kernel which appears in the computation of the four-point function. There are both bosonic and fermionic operators that can propagate on this ladder. There is a particular eigenvalue of the kernel which is a zero mode and corresponds to the degrees of freedom described by the Schwarzian. They are a bosonic mode with dimension h ¼ 2 and a fermionic one with h ¼ 3=2. The other eigenvalues of the kernel should describe operators appearing in the OPE. These also come in boson-fermion pairs and have a structure similar to the usual SYK case. One interesting feature is the appearance of a boson fermion pair with dimensions h ¼ 1 and h ¼ 3 2 , which is associated with an additional symmetry of the low-energy equations. These do not give rise to extra zero modes but simply correspond to other operators in the theory.
We have also analyzed the N ¼ 2 version of the theory. In this case we can also compute a kind of Witten index. More precisely, the model has a discrete Zq global symmetry that commutes with supersymmetry, so that we can include the corresponding discrete chemical potential in the Witten index, which turns out to be nonzero. These are generically expected to be lower bounds on the large N ground state entropy; it turns out that the largest Witten index is, in fact, equal to the large N ground state entropy. The model also has a Uð1Þ R symmetry. The exact diagonalization analysis also suggests a conjecture for number of ground states for each value of the Uð1Þ R charge. For theq ¼ 3 case, they are concentrated at very small values of the Uð1Þ R-charge, within jQj ≤ 1=3.
This paper is organized as follows. In Sec. II we define the N ¼ 1 supersymmetric model, write the large N effective action and the corresponding classical equations. We determine the dimensions of the operators in the IR and we derive constraints imposed by unbroken supersymmetry on the correlators. We also present a generalization of the model where the supercharge is a product ofq fermions and solve the whole flow in theq → ∞ limit. In Sec. III we present some results on exact numerical diagonalization of the Hamiltonian. This includes results on the ground state energy and two-point correlation functions. In Sec. IV we discuss the physics of the low-energy degrees of freedom associated with the spontaneously and explicitly broken superreparametrization symmetry of the theory. In Sec. V we define and study a model with N ¼ 2 supersymmetry. We compute the Witten index and use it to argue that the model has a large exact degeneracy at zero energy. We also discuss the superspace and superreparametrization symmetry in this case. In Sec. VI we discuss the ladder diagrams that contribute to the four-point function. We use them to determine the eigenvalues of the ladder kernel and use it to determine the spectrum of dimensions of composite operators.
II. DEFINITION OF THE MODEL AND THE LARGE N EFFECTIVE ACTION
To set up a path integral formulation of H, we first note that the supercharge acts on the fermion as
The purpose of this section is to discuss the large N saddle-point equations for the diagonal Green's functions
where we have a sum over i. We will thus drop the last term in (2.4), which only affects the saddle-point equations for the off-diagonal Green's functions
We will restore it in a later Sec. IV, where we write the saddle-point equations in a manifestly supersymmetric fashion.
We introduce the Lagrange multipliers Σ ψψ
ð2:8Þ
ð2:9Þ
As the notation suggests, these Lagrange multipliers will eventually become the self-energies. Inserting these factors of 1 in the fermion path integral with the action (2.4), using the delta functions implied by the integration over Σ ψ;b to express the interaction terms in (2.4), and integrating out the fermions we obtain
ð2:10Þ which becomes a classical action when N is large. Let us look at the classical equations for the action in (2.10).
Taking derivatives with respect to G ψ and G bb , we obtain
Taking derivatives with respect to Σ ψψ and Σ bb , assuming time translation symmetry and going to Fourier space, we obtain
which confirms that Σ ψ;b are the self energies.
In temporal space, the saddle-point equations take the form
ð2:13Þ
These equations can be solved numerically, and we can see some plots in Fig. 5 . Once we find a solution to these equations, we can compute the on-shell action, which can be written as
where ω n are the Matsubara fequencies for the fermion and boson cases. From this we can compute the entropy through the usual thermodynamic formula. A plot of the entropy as a function of the temperature can be found in Fig. 1 . We can now determine the low-energy structure of the solutions of (2.11) and (2.12), as in [1] , by making a power law ansatz at late times (1 ≪ Jτ ≪ N)
ð2:15Þ
where Δ ψ and Δ b are the scaling dimensions of the fermion and the boson. We then insert (2.15) into (2.11), (2.12) in order to fix the values of Δ ψ and Δ b . Matching the powerlaws in the saddle-point equations yields only the single constraint
As we will see later the dimension can be determined by looking at the constant coefficients. Before showing this, let us discuss a simpler way to obtain another condition.
A. Supersymmetry constraints
Further analytic progress can be made if we assume that the solutions of the saddle-point equations (2.11), (2.12) preserve supersymmetry. With such an assumption, we now show that the scaling dimensions Δ ψ and Δ b can be easily determined. Again, we refer the reader to a later Sec. IV for a full discussion of the supersymmetry properties of the saddle-point equations.
If supersymmetry is not spontaneously broken, then
This relationship together with
is compatible with the saddle-point equations in Sec. II. Equation (2.17) together with the ansatz (2.15) leads to
Together with Eq. (2.16), we can now determine the scaling dimensions
B. Simple generalization
We now show how to derive the Δ b ¼ Δ ψ þ 1 2 constraint directly from the saddle-point equations without assuming that the solution preserves supersymmetry.
It is useful to consider a simple generalization of Eq. (1.1) to a case where the supercharge Q is the sum over products ofq fermions. 1 The Hamiltonian H ¼ Q 2 involves sums of terms with up to 2q − 2 fermions.q ¼ 3 corresponds to the case discussed above (1.1).
The large N equations are (2.12) and
We can explore them at low energy by making the ansatz In detail Q ¼ iˆq The following relations are useful:
Then (2.21), together with the low-energy approximation of (2.12), which is G ψ ðiωÞΣ ψψ ðiωÞ ¼ −1 and, G b ðiωÞΣ bb ðiωÞ ¼ −1, gives the conditions
ð2:26Þ
Matching the frequency dependent part we get the condition
The equations for the coefficients reduce to
ð2:27Þ
The ratio between the two equations gives another condition for Δ ψ , with one rational solution obeying
, which is also independently implied by supersymmetry; see (2.18) . In the range where Δ ψ and Δ b are both positive there is a second, irrational solution to the equations which has higher Δ ψ . This second solution breaks supersymmetry, since it does not obey (2.19) . It would be nice to understand it further, but we leave that to the future.
We also see that the low-energy equations have a symmetry In fact, the supersymmetry relation (2.18) also fixes this freedom of rescaling, by setting
In the end this fixes the coefficients to This generalization makes it easy to compute the ground state entropy. In principle this can be done by inserting these solutions into the effective action
It is slightly simpler to take the derivative with respect toq, ignoring any term that involves derivatives of G b;ψ since those terms vanish by the equations of motion. This gives where in integrating we used the boundary condition that the entropy should be the entropy of the free fermion system atq ¼ ∞, a fact we will check below. Forq ¼ 3 this matches the numerical answer; see Fig. 1 .
C. The largeq limit
It is interesting to take the largeq limit of the model since then we can find an exact solution interpolating between the short and long distance behavior. The analysis is very similar to the one in [17] . We expand the functions as follows: 
ð2:35Þ
where we take the largeq limit keeping J fixed. The solution obeying the boundary conditions g ψψ ð0Þ ¼ g ψψ ðβÞ ¼ 0 is
where v, b are integration constants fixed by the boundary conditions. It is interesting to note that the UV supersymmetry condition g bb ¼ −∂ τ g ψψ is only approximately true at short distances, distances shorter than the temperature. It is also interesting to compute the free energy. Again, this is conveniently done by taking a derivative with respect to J and using the equations of motion,
where the first equality holds in general and the second only for largeq. Expressing it in terms of the parameters in (2.36) we get
for βJ ≫ 1: ð2:38Þ
We can also easily compute the small ðβJ Þ expansion, which, as expected, goes in powers of ðβJ Þ 2 . We have used the entropy of the free fermion system, at βJ → 0, as an integration constant in going from (2.37) to (2.38). The constant term in the large ðβJ Þ expansion agrees with the largeq expansion of the ground state entropy (2.33). The 1=ðβJ Þ term can also be obtained form the Schwarzian and this can serve as a way to fix the coefficient of the Schwarzian action at largeq. The linear term in βJ represents the ground state energy and it should be subtracted off.
All these results have the same form as the large q limit of the usual SYK model [17] . This is not a coincidence. What happens is that the leading boson propagator is simply the delta function in (2.34) which collapses the diagrams to those of the large q limit of the usual SYK model. 
III. EXACT DIAGONALIZATION
This section presents results from the exact numerical diagonalization of the Hamiltonian in Eq. (1.4). We examined samples with up to N ¼ 28 sites, and averaged over 100 or more realizations of disorder. This exact diagonalization allows us to check the validity of the answer we obtained using large N methods.
A. Supersymmetry
An important purpose of the numerical study was to examine whether supersymmetry was unbroken in the N → ∞ limit. In Fig. 2 we test the basic relationship in Eq. (2.17) between the fermion and boson Green's functions. The agreement between the boson Green's function and the time derivative of the fermion Green's function is evidently excellent.
We also computed the value of the ground state energy E 0 ¼ h0jQQj0i. Supersymmetry is unbroken if an only if E 0 ¼ 0. We have found that E 0 is nonzero in the exact theory, but it becomes very small for large N. Indeed Fig. 3 shows that E 0 does become very small, and the approach to zero is compatible with an exponential decrease of E 0 with N. This is then compatible with a supersymmetric large N solution; supersymmetry is then broken nonperturbatively in the 1=N expansion. The combination of Figs. 2 and 3 is strong numerical evidence for the preservation of supersymmetry in the N → ∞ limit (with suppersymmetry breaking at finite N). The ground state energy can be fitted well by E 0 ∝ e −αS 0 with α ¼ 1.9 AE :2, which is compatible with α ¼ 2. Here S 0 is the ground state entropy, (2.33) . This is smaller than the naive estimate for the interparticle level spacing which is e −S . Note that the breaking of supersymmetry is also compatible with the Witten index of this model which is Tr½ð−1Þ F ¼ 0. This can be easily computed in the free theory. For N odd we defined the Hilbert space by adding an extra Majorana mode that is decoupled from the ones appearing in the Hamiltonian.
As in Ref. 
B. Scaling
We also compared our numerical results for the Green's functions with the conformal scaling structure expected at long times and low temperatures. From Eq. (2.29), witĥ q ¼ 3, we expect that at T ¼ 0 and large τ
ð3:2Þ Figure 4 shows that Eq. (3.2) is obeyed well for large Jτ. We also extended this comparison to T > 0, where we expect the generalization of Eq. (3.2) to be
ð3:3Þ
The comparison of these results with the numerical data appears in Fig. 5 .
IV. SUPERSPACE AND SUPERREPARAMETRIZATION
So far, we have seen that the main consequence of supersymmetry was the relationship Eq. (2.17) between the boson and fermion Green's functions at T ¼ 0. However, as is clear from Eq. (3.3), this simple relationship does not extend to T > 0. Of course, this is not surprising, since finite temperature breaks supersymmetry.
Previous work on the SYK models has highlighted reparametrization and conformal symmetries [2, 7, 10, 17] which allows one to map zero and nonzero temperature correlators. This section will describe how supersymmetry and reparametrizations combine to yield superreparametrization symmetries, and the consequences for the correlators.
As in the SYK model, most of this superreparametrization symmetry is spontaneously broken. There is, however, a part of it that is left unbroken by (3.3). This unbroken part includes both a bosonic SLð2; RÞ group as well as two fermionic generators, giving an OSpð1j2Þ global superconformal group. These supersymmetry generators are emergent, and are different from the original supersymmetry of the model. In particular, they square to general conformal transformations of the thermal circle rather than time translations. We will come back to this point more explicitly later.
A. Superspace
Superspace offers a simple way to package together the degrees of freedom and equations of motion for Eq. (1.4) while making supersymmetry manifest. Concretely, we define a superfield Ψðτ; θÞ ¼ ψðτÞ þ θbðτÞ ð 4:1Þ which is a function of both time and an auxiliary anticommuting variable θ. Supersymmetry transformations combine with translations into a group of supertranslations 
and we find that
are the same up to total derivatives. The Lagrangian Eq. (2.2) can be written in a manifestly supersymmetric form
by introducing the superderivative operator
which is invariant under supertranslations. Indeed,
We can now derive the superequations of motion. Let us define
ð4:9Þ
This superfield includes both the bosonic bilinears G ψψ and G bb and the fermionic bilinears G bψ and G ψb . The equations of motions of the disorder-averaged Lagrangian L can now be expressed in a manifestly supersymmetric way as
ð4:10Þ
The right-hand side is the supersymmetric generalization of the delta function:
ð4:11Þ
Some useful supertranslation invariant combinations are θ 1 − θ 2 and τ 1 − τ 2 − θ 1 θ 2 , which satisfies
In a translation-invariant, supersymmetric vacuum of definite fermion number, the solution must take the form
ð4:12Þ
If we use a vacuum that does not have definite fermion number, supersymmetry imposes that G ψb ¼ G bψ , so in a translation-invariant, supersymmetric vacuum (without definite fermion number) we have
Of course, the whole derivation of the effective action can be recast in superspace, starting from
and introducing Lagrange multipliers
One point to note is that this effective action contains also the fermionic bilinears G ψb , G bψ , which are important for making the action supersymmetric. Of course, such terms are also important when we compute correlation functions, as will be done in Sec. VI. These terms can be consistently set to zero when we consider the classical equations, as was done in Sec. II.
B. Superreparametrization
We now turn to a discussion of the reparametrization symmetry, discussed previously [2, 7, 10, 17] for the nonsupersymmetric SYK model.
If we drop the first term, the supersymmetric equations (4.10) have a large amount of symmetry: general coordinate transformations τ → τ 0 ðτ; θÞ; θ → θ 0 ðτ; θÞ ð 4:15Þ accompanied by a rescaling
where the Berezinian
is a generalization of the Jacobian which encodes the change in the measure dθdτ and in the supersymmetric delta function. These transformations generalize the usual reparametrization symmetry of the standard SYK model. They include two bosonic and two fermionic functions of τ. The second bosonic generator is a generalization of the scaling symmetry (2.28) and we expect it to be broken by the UV boundary conditions. More precisely, we can Taylor expand
where the ellipsis indicate higher order terms. We observe that the short-distance singular behavior of Gðτ 1 ; θ 1 ; τ 2 ; θ 2 Þ will only be preserved if the coordinate transformations satisfy
and furthermore the square of the Berezinian factors coincide with the coefficient of ðτ 1 − τ 2 − θ 1 θ 2 Þ in (4.18), which simplifies to ðD θ θ 0 Þ 2 thanks to (4.19). These constraints define a well-known set of transformations: superreparametrizations. 3 We will now review their basic properties and discuss their implications for the low-energy physics.
The supersymmetric generalization SDiff of the reparametrization group Diff can be defined as the set of coordinate transformations ðτ; θÞ → ðτ 0 ; θ 0 Þ on the superline which preserves the superderivative D θ up to a superJacobian factor D θ θ 0 :
The bosonic part of SDiff is the usual diffeomorphism group Diff, acting as
where fðτÞ is the usual reparametrization. Indeed,
In general,
and thus superreparametrizations are coordinate transformations constrained by
A useful parametrization of finite transformations is
This is just the composition of a general fermionic transformation of parameter η followed by a diffeomorphism. The original supersymmetry transformation (4.2) acts in these variables as
Finally, we note that global superconformal transformations are generated by supertranslations and the inversion
They form an OSpð1j2Þ group with three bosonic generators and two fermionic generators. These are fractional linear transformations
with coefficients subject to appropriate quadratic constraints: We will now show that the Berezinian factor involved in the superreparametrization symmetry of the equation of motion in Eq. (4.10) without the first derivative term can be simplified to the super-Jacobian factor and thus the symmetries are compatible with the UV boundary conditions.
The result follows from a basic fact about superspace integrals: under superreparametrizations,
Fðτ 0 ðτ; θÞ; θ 0 ðτ; θÞÞ:
ð4:33Þ
Indeed, the integration measure changes by the Berezinian
ð4:34Þ
That means that we can make the equations of motion and effective actions invariant under SDiff as long as we transform Under bosonic reparametrizations, G ψψ and G bb transform independently, with the expected weight. The fermionic generators, though, mix G ψψ and G bb with G ψb and G bψ .
C. Super-Schwarzian
For the nonsupersymmetric SYK model, following a proposal by Kitaev [7] , Maldacena and Stanford [17] showed that the fluctuations about the large N saddle point are dominated by a near-zero mode associated with reparametrizations of the Green's function, and the action of this mode is the Schwarzian. Here, we generalize this structure to the supersymmetric case. Super-Schwarzians have been previously discussed in [34, 35] .
The Schwarzian derivative S½fðτÞ; τ is a functional of the reparametrization fðτÞ which vanishes if fðτÞ is a global conformal transformation. A direct way to produce S½fðτÞ; τ is to consider the expression
ð4:37Þ which vanishes if τ → τ 0 is a global conformal transformation. In the limit τ 2 → τ 1 we recover (up to a factor of 6) the usual Schwarzian
ð4:38Þ
This definition makes the chain rule manifest:
S½gðfðτÞÞ; τ ¼ ð∂ τ fðτÞÞ 2 S½gðfðτÞÞ; fðτÞ þ S½fðτÞ; τ:
ð4:39Þ
The expression
ð4:40Þ
vanishes when ðτ 0 ; θ 0 Þ are obtained from ðτ; θÞ by a global superconformal transformation. This is evident for supertranslations and easy to check for inversions. Taking another superderivative D 1 and the limit ðτ 1 ; θ 1 Þ → ðτ 2 ; θ 2 Þ gives us the super-Schwarzian derivative [17] . The fermion zero modes have a behavior η ∼ e
AEiτ=2
(or η ∼ e AEiπτ=β ). The action of supersymmetry on these variables (4.27) would suggest that supersymmetry is always broken since η shifts under supersymmetry as a goldstino. More explicitly a configuration that preserves supersymmetry is a solution that is left invariant under (4.27). For example, consider the configuration f ¼ τ and η ¼ 0, which is the zero temperature solution and is expected to be invariant under supersymmetry. But we see that this is not the case since (4.27) shows that the transformation leads to a nonzero value of η. However, it is possible to combine this supersymmetry with one of the OSpð1j2Þ transformations, which acts as a supertranslation on t 0 , θ 0 so as to cancel this term and leave the solution invariant. Thus, the f ¼ τ, η ¼ 0 solution is invariant under supersymmetry. On the other hand, when we expand around the thermal solution, it is no longer possible to cancel the supersymmetry variation of η at all points on the thermal circle. So supersymmetry is broken in this case. A similar issue arises with ordinary translations, under τ → τ þ b. The solution f ¼ τ is not invariant. On the other hand, if we combine this translation with one of the SLð2; RÞ transformations f → f − b, then we find that the combination of the two leave the solution invariant.
Notice that even though the original supersymmetry of the model is broken by the finite temperature, the low-energy configuration is invariant under a global OSpð1j2Þ subgroup of all superreparametrizations. These transformations involve also fermionic generators; under full rotations along the thermal circle, these generators pick up a minus sign, compatible with the fermionic boundary conditions on the circle. 4 The situation is somewhat similar to the purely bosonic case, where the finite temperature breaks the scaling symmetry in physical time, but we still have a symmetry of correlators under a full SLð2Þ symmetry, the symmetry leaving the Schwarzian invariant.
These zero modes are unphysical and should not be viewed as degrees of freedom of the model. In particular, when we compute the one loop determinant for fluctuations around the classical large N solution, their absence from the path integral gives an interesting βJ dependence to the low temperature partition function (1 ≪ βJ ≪ N)
ð4:44Þ
The denominator comes from the three bosonic zero modes and the numerator from the fermionic ones. 5 Here S 0 is the ground state entropy and the temperature independent contribution to the one loop partition function and the term c=ð2βJÞ is the contribution to the free energy coming from the Schwarzian action (c is of order N). We have also indicated the implication for the density of states, which is obtained by integrating over β (along a suitable contour), considering both the saddle-point contribution as well as the Gaussian integral around the saddle.
V. N = 2 SUPERSYMMETRY
This section turns to the generalization to N ¼ 2 supersymmetry. The real fermion ψ i is replaced by complex fermions ψ i andψ i , and the supercharge Q in Eq. (1.1) is replaced by a pair of charges Q andQ. The defining relations are 4 This is conceptually similar to the way in which a 1 þ 1 dimensional supersymmetric CFT preserves supersymmetry in the NS sector. The preserved supercharges have nonzero energy and momentum. 5 The net prefactor of β −1=2 in (4.44) implies that the partition function jZðβ þ itÞj should go like t −1=2 for large times in the "slope" regime in [36] . Numerically we found that the "slope" is −0.54 AE 0.08 in a regime which is naively outside the regime of validity of our derivation of (4.44), which can be viewed as an indication that perhaps (4.44) would not receive corrections, as in the purely bosonic case [36] . 
The theory has a Uð1Þ R R-symmetry, under which the fermions ψ i andψ i carry charges 1=3 and −1=3. As is customary, we normalize the Uð1Þ R charge so that the supercharges carry charge AE1. The supersymmetry acts on the fermionic variables as
The Hamiltonian replacing Eq. (1.4) is now
We note this Hamiltonian has the same form as the complex SYK model introduced in Ref. [10] , but now the complex couplings J kl ij are not independent random variables. Instead we take the C ijk to be independent random complex numbers, with the nonzero second moment
replacing Eq. (1.3) . The subsequent analysis of Eq. (5.3) closely parallels the N ¼ 1 case. The main difference is that we now introduce complex nondynamical auxiliary bosonic fields b i andb i to linearize the supersymmetry transformations. The model can also be generalized so that Q is built from products ofq fermions so that the Hamiltonian involves up to 2q − 2 fermions.
The equations of motion are a complexified version of the N ¼ 1 equations. We will describe them momentarily. The fermion also has scaling dimension Δ ψ ¼ 1=ð2qÞ and R-charge 1=q. Notice that the R-charge of ψ is twice its scaling dimension, which is as expected for a superconformal chiral primary field. As is conventional the Uð1Þ R charge is normalized so that the supercharge has charge one. The Uð1Þ R charge does not commute with the supercharges. There is however a Zq group of this Uð1Þ symmetry that acts on the fermions as ψ j → e 2πir q ψ i which does leave the supercharge invariant and is a global symmetry commuting with supersymmetry. Note that the quantization condition on the Uð1Þ R charge, Q R , is that qQ R should be an integer.
This fact enables us to compute a simple generalization of the Witten index defined as
where g is the generator of the Zq symmetry, and Q R is the Uð1Þ R charge. In the third equality we have used the fact that the index is invariant under changes of the coupling and computed it in the free theory, with J ¼ 0. The Witten index is maximal for r ¼ ðq AE 1Þ=2 where its absolute value is greatest and equal to log jW r¼q The right-hand side happens to be the same as the value of the ground state entropy computed using the large N solution, which is the same as (2.33), up to an extra overall factor of 2 because now the fermions are complex. In general, these Witten indices should be a lower bound on the number of ground states, and also a lower bound on the large N ground state entropy (recall that in the N ¼ 1 case we had that the Witten index was zero). The fact that the bound is saturated tells us that most of the states contributing to the large N ground state entropy are actually true ground states of the model. Thus, in this case supersymmetry is not broken by e −N effects. We have also looked at exact diagonalization of the theory, and computed the number of states for different values of the Uð1Þ R charge. 6 Let us define the R-charge so that it goes between −N=q ≤ Q R ≤ N=q, in increments of 1=q. We have looked at the caseq ¼ 3 and we found the following degeneracies, DðN; Q R Þ, as a function of N and the charge DðN; 0Þ ¼ 23
for N even;
for N ¼ 1 mod 4: ð5:7Þ
And we have DðN; Q R Þ ¼ 0 outside the cases mentioned above. Therefore, we see that the degeneracies are concentrated on states with very small values of the R charge. Of course, these values are consistent with the Witten index in (5.5) forq ¼ 3.
6
Recall that the ground states of a quantum mechanics with N ¼ 2 supersymmetry are in one-to-one correspondence with the cohomology of the Q supercharge. This is easier to compute than the eigenvalues and eigenstates of the Hamiltonian.
A. Superspace and superreparametrization
Generalizing previous discussions, we now expect that the fluctuations about the large N saddle point are described by spontaneously broken N ¼ 2 superreparametrization invariance, which includes a Uð1Þ R current algebra. The Uð1Þ R is similar to the emergent local U(1) symmetry that is present also for the nonsupersymmetric complex SYK [10] . In the low-energy effective theory, this local symmetry is broken down to a global U(1), and so there is an associated gapless phase mode [37] .
Consider a N ¼ 2 superline, parametrized by a bosonic variable τ and fermionic variables θ andθ. The supertranslation group consists of the transformations
θ →θ 0 ¼θ þη: ð5:8Þ
They preserve the superderivative operators
Notice the supertranslation invariant combination
There is also an obvious U(1) symmetry rotating θ andθ in opposite directions. We can package the complex fermions and scalars into a chiral superfield, i.e. a superfield Ψ i constrained to satisfȳ D θ Gðτ; θ;θ; τ 00 ; θ 00 ;θ 00 Þ þ
are antichiral both in the first and the last set of variables.
The equations involve the integral of chiral functions of the middle set of variables over the chiral measure dτ 0 dθ 0 and are thus invariant under supersymmetry. Furthermore, even the delta function is antichiral.
The analysis of reparametrization invariance proceeds as before. If we consider a general coordinate transformation, we have
The N ¼ 2 superreparametrizations are coordinate transformations constrained by
with super-Jacobian factor D θ θ 0 . These transformations map chiral superfields to chiral superfields. The converse is also true. In particular, in the N ¼ 2 case we do not have the freedom to do general coordinate transformations of τ, θ,θ which would violate the chirality constraints on the superfields. Extra symmetries which generalize (2.28) still appear, though, and we will discuss them momentarily.
The bosonic transformations, including reparametrization and a position-dependent U(1) transformation, are We can obtain the most general transformation by applying a fermionic transformation followed by a bosonic transformation. We will come back to that later.
The N ¼ 2 transformations are a symmetry of the (5.12) equations of motion (without the first derivative term) with
Notice that the Jacobian factors are chiral and antichiral respectively.
This
Ber
If we define the auxiliary (anti)chiral variables τ AE ¼ τ AE θθ, then the N ¼ 2 superreparametrizations can be thought of as a subgroup of the product of groups of chiral and antichiral general coordinate transformations Global superconformal transformations are generated by supertranslations, U(1) rotations, and the inversion
Observe that the inversion maps
. Obviously, superconformal transformations only mix τ þ with θ and τ − withθ. We can thus write In order to go further, we need to pick a specific parametrization of the general superreparametrization symmetry transformations. If we choose The phase ρ=ρ ¼ e 2iσðτÞ controls Uð1Þ R rotations and defines an axion field. The norm ρρ equals ∂ τ f plus fermionic corrections:
Thus the bosonic part of the action consists of the usual Schwarzian plus a standard kinetic term for σ, with a specific relative coefficient:
ð5:37Þ
The relation between these two coefficients has some implications for the low energy near extremal thermodynamics. Setting f ¼ tan τ 2 , and setting τ ¼ 2πu=β, where u is physical Euclidean time, we get
where we also included a small chemical potential μ for the R-charge and we set ∂ u σ ¼ 0. Small μ means that μ ≪ J, and we have βμ that can be of order one. From this we can compute the energy and charge and entropy, log
ð5:39Þ
and we can express the entropy as a function of the energy and the charge as
where S 0 is the ground state entropy. This is correct only for very small values of the energy and the charge E JN ≪ 1 and Q R =N ≪ 1. Recall that we are normalizing the charge of the fermion to Q R ¼ AE 1 q . This means that the period of the field σ is σ ¼ σ þ 2πq.
In any charged SYK model (expanded around a zero charge background) we have similar formulas but with an extra coefficient in front of the ð∂ u σ − iμÞ 2 term. N ¼ 2 supersymmetry fixes this extra coefficient.
As in the discussion around (4.44), we can now consider the effects of the bosonic and fermionic zero modes. Since there is an equal number of boson and fermion zero modes in this case (four of each) we find that there are no β dependent prefactors in the low temperature partition function (1 ≪ βJ ≪ N) where ΔS ¼ S − S 0 is given by the left-hand side of (5.40) .
In this case we do not expect the result (5.41) to be exact. In fact, already we expect to be multiplied by a sum over "windings" of the σ rotor degree of freedom of the form
ð5:43Þ
VI. FOUR-POINT FUNCTION AND THE SPECTRUM OF OPERATORS
The four-point function can be computed by techniques similar to those discussed in [7, 12, 17] . We should sum a series of ladder diagrams; see Fig. 6 . There are various types of four-point functions we could consider. The simplest kind has the form
In this case the object propagating along the ladder is fermionic, produced by a boson and fermion operator. We will not present the full form of the four-point function in detail, but we will note the dimensions of the operators appearing in the singlet channel OPE (the τ 1 → τ 2 limit). As in [7, 12, 17] these dimensions are computed by using conformal symmetry to diagonalize the ladder kernel in terms of a basis of functions of two variables with definite conformal casimir specified by a conformal dimension h. Then setting the kernel equal to one gives us the spectrum of dimensions that can appear in the OPE. The problem can be separated into contributions where the intermediate functions are essentially symmetric or antisymmetric under the exchange of variables. This gives us two sets of fermionic operators specified by the conditions
ð6:2Þ
From the first and second we get eigenvalues of the form
3Þ
Except for h ¼ 3=2 the numbers do not appear to be rational. They approach the values we indicated above for large m, with small positive γ m orγ m for large m. These operators can be viewed as having the rough form ψ i ∂ n ϕ i with n ¼ 2m, 2m þ 1 respectively. It is also possible to look at the ladder diagrams corresponding to four-point functions of the form hψ i ψ i ψ j ψ j i. When we compute the ladders these are mixed with ones with structures like hψ Fig. 6 . So the kernel even for a given intermediate h is a 2 × 2 matrix. Diagonalizing this matrix we find that the operators split into two towers which are the partners of the above one. These bosonic partners have conformal dimensions given by h s;m þ 1 2 and h a;m − 1 2 for each of the two fermionic towers. Of course, it should be possible to directly use supergraphs so that we can preserve manifest supersymmetry. Now, we expect that the case where h s ¼ 3=2 and its bosonic partner with h ¼ 2 lead to a divergence in the computation of the naive expression for the four-point function and that the proper summation would reproduce what we obtain from the super-Schwarzian action discussed in Sec. IV C.
The pair of modes with h a ¼ 3=2 and its bosonic partner at h ¼ 1 are more surprising. The origin of the h ¼ 1 mode is due to the rescaling symmetry of the IR equations mentioned in (2.28). In fact, one can extend that symmetry to a local symmetry of the form
which would naively suggest the presence of an extra set of zero modes. However, we noted that this symmetry is broken by the UV boundary conditions. Of course this was also true of the reparametrization symmetry. However, (6.4) changes the short distance form of the correlators, which leads us to expect terms in the effective action of the form J R dτðλðtÞ − 1Þ 2 , which strongly suppress the deviations from the value of λ given by the short distance solution. Thus, in the low-energy theory we do not expect a zero mode from these. Indeed, when we look at the ladders with the boson exchanges, we see that the basis of functions we are summing over when we express the four-point function should be the same as the one for the usual SYK model (see [17] ). Namely, the expansion for the four-point function can be expressed as an integral over h ¼ 1=2 þ is and a sum over even values of h. Since h ¼ 1 is not even, it does not lead to a divergence. Then we conclude that it corresponds to an operator of the theory. It looks like a marginal deformation, since it has h ¼ 1. In the UV, it looks like the operator corresponds to a relative rescaling of the boson and fermion field. We think that the transformation simply corresponds to a rescaling of J, which breaks the original supersymmetry but preserves a new rescaled supersymmetry. We have not studied in detail the meaning of its supersymmetric partner which is a dimension 3=2 operator.
The case with N ¼ 2 supersymmetry leads to similar operators in the singlet channel with zero Uð1Þ R charge. The fermions have the same dimensions as in (6.2), but each with a factor of 2 degeneracy arising from the fact that now we change ψ In this model the functions we need to sum over in order to get the four-point function are more general than the ones in the SYK model, since now the basic two-point function hψ i ðt 1 Þψ i ðt 2 Þi does not have a definite symmetry. So now the expression for the four-point function should include a sum over all values of h, including both even and odd values, depending on whether we consider symmetric or antisymmetric parts. Though we have not filled out all the details we expect that by supersymmetry we will have that the multiplet coming from the symmetric tower with dimensions ð1; 3=2; 2Þ should lead to the superSchwarzian while the second one, coming from h a;m , also with dimensions ð1; 3=2; 2Þ should correspond to operators in the IR theory. As before these arise from symmetries of the low-energy equations, namely (5.21). Let us discuss in detail the ones corresponding to the dimension two operators. The low-energy equations have the form
where Ã is a convolution and we think of each side as a function of two variables. The right-hand side is a delta function that sets these two variables equal. We also have complex conjugate equations obtained by replacing G ψψ ↔ Gψ ψ , G bb ↔ Gb b . We can then check that the following is a symmetry: and similarly for Gb b . If G is a solution of (6.5), then G 0 is also a solution. The reparametrizations which are nearly zero modes of the full problem are those that obey h ¼ f. The ones where they are different are far from being zero modes of the full problem. The reality condition sets that hðτÞ ¼ fðτÞ Ã . These look similar to two independent coordinate transformations that preserve conformal gauge in a two dimensional space, with a boundary condition that restricts them to be equal.
VII. CONCLUSIONS
We have studied supersymmetric generalizations of the SYK model. We studied models with N ¼ 1, 2 supersymmetry. Both models are very similar to the SYK system, with a large ground state entropy and a large N solution that is scale invariant in the IR. In these super versions, the scale invariance becomes a superconformal symmetry and the leading order classical solutions preserve supersymmetry. These large N solutions were also checked against numerical exact diagonalization results. As in SYK, there is also an emergent superconformal symmetry that is both spontaneously and explicitly broken. This action gives the leading corrections to the low-energy thermodynamics and should produce the largest contributions to the four-point function.
Besides the ordinary reparametrizations, we have fermionic degrees of freedom and, in the N ¼ 2 case, a bosonic degree of freedom associated with a local Uð1Þ symmetry, which is related to the Uð1Þ R symmetry. A similar bosonic degree of freedom arises in other situations with a Uð1Þ symmetry, such as the model studied in [10] . Here supersymmetry implies that the coupling in front of the Schwarzian action is the same as the one appearing in front of the action for this other bosonic degree of freedom. This fixes the low-energy thermodynamics in terms of only one overall coefficient; see (5.38) .
We also analyzed the operators in the "singlet" channel. These operators have anomalous dimensions of order one. Therefore, in these models, supersymmetry is not enough to make those dimensions very high.
In the N ¼ 1 case, the exact diagonalization results allowed us to show that the ground state energy is nonzero and of order E 0 ∝ e −2S 0 . This means that supersymmetry is nonperturbatively broken. On the other hand, in the N ¼ 2 case, supersymmetry is not broken and there is a large number of zero energy states which matches the ground state entropy computed using the large N solution. Furthermore, these zero energy states can have nonzero R charge, but with an R charge parametrically smaller than N, and even smaller than one.
These results offer some lessons for the study of supersymmetric black holes. In supergravity theories there is a large variety of extremal black holes that are supersymmetric in the gravity approximation. The fact that supersymmetry can be nonperturbatively broken offers a cautionary tale for attempts to reproduce the entropy using exactly zero energy states (see e.g. [38, 39] ). Of course, in situations where there is an index reproducing the entropy, as in [40] , this is not an issue. The authors of [41] have argued that the ground states of supersymmetric black holes carry zero R charge, where the R charge is the IR one that appears in the right-hand side of the superconformal algebra. In our case there is only one continuous Uð1Þ R symmetry and we find that the ground states do not have exactly zero charge. A possible loophole is that the R-symmetry appearing in the superconformal algebra leaves invariant the thermofield double, not each copy individually. Perhaps a modified version of the argument might be true since in our case the R charges are relatively small. Also the discrete chemical potential we introduced in (5.5) looks like a discrete version of the maximization procedure discussed in [41] . It seems that this is a point that could be understood further.
Another surprise in the model is the emergence of additional local symmetries of the equations, beyond the ones associated with superreparametrizations. Similar symmetries arise in some of the nonsupersymmetric models discussed in [42] . A common feature of these IR symmetries is that they change the short distance structure of the bilocals. Namely, they change the functions Gðt; t 0 Þ even when t → t 0 . Since this is a region where the conformal approximation to the effective action develops divergencies, we see that now these divergencies will depend on the symmetry generator. For this reason these symmetries do not give rise to zero modes, but are related to operators of the IR theory. Amusingly, in the N ¼ 2 case we also have an additional reparametrization symmetry of this kind. This symmetry, together with the usual reparametrization symmetry, looks very similar to the conformal symmetries we would have in two dimensional AdS 2 space in conformal gauge.
We can wonder whether we can get models with N > 2 supersymmetry. It would be interesting to see if one can find models of this sort with only fermions. A model with N ¼ 4 supersymmetry that also involves dynamical bosons was studied in [33] .
